Abstract. We introduce several classes of set-valued maps with generalized convexity and we obtain minimax theorems for set-valued maps which satisfy the introduced properties and which are not continuous. Our method consists of the use of a fixed-point theorem for weakly naturally quasi-concave set-valued maps defined on a simplex in a topological vector space or of a constant selection of quasi-convex set-valued maps.
Introduction
The classical Ky Fan inequalities [4] , [5] , [6] are an undeniably important tool in the study of many important results concerning the variational inequalities, game theory, mathematical economics, control theory and fixed-point theory. e.g., see [1] , [2] , [7] , [8] , [10] , [13] - [17] , [19] - [21] , [23] , [25] - [32] and the references therein. Within recent years, many generalizations have been successfully obtained and here we must emphasize Ky Fan's study of minimax theorems for vector-valued mappings and for set-valued maps. We refer the reader, for instance, to Li and Wang [15] , Luo [19] , Zhang and Li [31] , [32] , Zhang, Cheng and Li [30] . In [20] , Nessah and Tian search the condition concerning the existence of solution of minimax inequalities for real-valued mappings, without convexity and compactness assumptions. They define the local dominatedness property and prove that it is necessary and further, under some mild continuity condition, sufficient for the existence of equilibrium in minimax inequalities. This type of characterization of the solution for minimax theorems leads us to the question whether similar results can be obtained, but, by keeping the convexity assumptions and by giving up the continuity ones over the set-valued maps.
We are introduced into the extremely limited literature concerning the minimax theorems for set-valued maps with the opportunity to see the things from a new perspective and to propose coherent answers to the problem of the solution existence. Our results could be particularly designed to identify new methods of proof for this kind of problems and to assess whether the convexity framework can be adapted to set-valued maps with two variables and whether classes of weakened convexity can be implemented, particularly by relying on a mechanism which takes into accont the behaviour of the maps in the points where their values contain or not maximal (resp. minimal) elements of certain sets of type y∈X F (x, y) or x∈X F (x, y).
In this paper, we study vector minimax inequalities for set-valued maps. We give up the condition of continuity of the set-valued maps and, instead, we work with some new classes of generalized convexity which we introduce: S-transfer µ-convexity, transfer properly S−quasi-convexity and weakly z−convexity. In order to prove our results, we construct a constant selection for a quasi-convex correspondence and we use the fixed point theorem for weakly naturally quasi-concave set-valued maps defined on a simplex in a topological vector space (see [22] ).
The article is organized as follows. In Section 2, we introduce notations and preliminary results. In Section 3, the convex-type properties for set-valued maps are defined and some exemples are given as well. In Section 4, we obtain two types of Ky Fan minimax inequalities for set-valued maps. We also provide some examples to illustrate our results. Concluding remarks are presented in Section 5.
Preliminaries and Notation
We shall use the following notations and definitions: Let A be a subset of a topological space X. 2
A denotes the family of all subsets of A and A denotes the closure of A in X. If A is a subset of a vector space, coA denotes the convex hull of A. If F , G : X ⇒ Z are set-valued maps, then co G, G ∩ F : X ⇒ Z are set-valued maps defined by (co G)(x) :=co G(x) and (G ∩ F )(x) := G(x) ∩ F (x) for each x ∈ X, respectively.
In this paper, we will consider E and Z to be real Hausdorff topological vector spaces and we will assume that S is a pointed closed convex cone in Z with its interior intS = ∅.
Definition 2.1 (see [11] ). Let A ⊂ Z be a non-empty subset. (i) A point z ∈ A is said to be a minimal point of A iff A ∩ (z − S) = {z}, and MinA denotes the set of all minimal points of A.
(ii) A point z ∈ A is said to be a weakly minimal point of A iff A ∩ (z−intS) = ∅, and Min w A denotes the set of all weakly minimal points of A. (iii) A point z ∈ A is said to be a maximal point of A iff A ∩ (z + S) = {z}, and MaxA denotes the set of all maximal points of A. (iv) A point z ∈ A is said to be a weakly maximal point of A iff A ∩ (z+intS) = ∅, and Max w A denotes the set of all weakly maximal points of A.
It is easy to check that MinA ⊂Min w A and MaxA ⊂Max w A. Lemma 2.1 (see [7] )Let A ⊂ Z be a non-empty compact subset. Then, (i) MinA = ∅; (ii) A ⊂MinA + S; (iii) A ⊂Min w A+intS ∪ {0 F }; (iv)MaxA = ∅; (v) A ⊂MaxA − S; (vi) A ⊂Max w A−intS ∪ {0 F }.
Notation. If X and Y are sets and F : X × X ⇒ Y is a set-valued map, we will denote F (x, X) = y∈X F (x, y) and F (X, y) = x∈X F (x, y).
We present the following types of generalized convex mappings and set-valued maps.
Definition 2.2 Let X be a non-empty convex subset of a topological vector space E, Z a real topological vector space and S a pointed closed convex cone in Z with its interior intS = ∅. Let F : X ⇒ Z be a set-valued map with non-empty values.
(i) F is said to be (in the sense of [12 , Definition 3.6]) type-(iii) properly S−quasiconvex on X (see [9] ), iff for any
(ii) F is said to be (in the sense of [12 , Definition 3.6]) type-(v) properly S−quasiconvex on X (see [9] ), iff for any
If −F is a type-(iii) [resp. type-(v)] S−properly quasiconvex set-valued map, then, F is said be type-(iii) [resp. type-(v)] S−properly quasi-concave, which is equivalent to type-(iii) [resp. type-(v)] (−S)-properly quasi-convex set valued map.
(iii) F : X ⇒ Y is said to be (in the sense of [12 , Definition 3.6]) type-(iii) naturally S-quasi-convex on X, iff for any
F is said to be type-(iii) [resp. type-(v)] naturally S−quasi-concave on X, iff −F is type-(iii) [resp. type-(v)] naturally S−quasi-convex on X.
(v) F : X ⇒ Y is said to be S-quasi-convex on X (see [24] ), iff for any
iff, for each n and for every x 1 , x 2 , ..., x n ∈ X,
. F is said to be quasi-concave on X, iff −F is quasi-convex on X. Definition 2.3 (see [26] ) Let X be a non-empty convex subset of a topological vector space E, let Y be a subset of a topological vector space Z and S a pointed closed convex cone in Z with its interior intS = ∅. A vector-valued mapping f : X → Y is said to be natural S−quasi-convex on X iff f (λx 1 + (1 − λ)x 2 ) ∈co{f (x 1 ), f (x 2 )} − S for every x 1 , x 2 ∈ X and λ ∈ [0, 1]. This condition is equivalent with the following condition: there exists µ ∈ [0, 1] such that
A vector-valued mapping f is said to be natural S−quasi-concave on X if −f is natural quasi S−convex on X.
Notation. We will denote by ∆ n−1 the standard (n-1)-dimensional simplex in R n , that is
In this paper, we will also use the following notation:
.., g n ) : ∆ n−1 → ∆ n−1 where g i is continuous, g i (1) = 1 and g i (0) = 0 for each i ∈ {1, 2, ..., n}} Definition 2.4 (see [3] ) Let X be a non-empty convex subset of a topological vector space E and Y a non-empty subset of E. The set-valued map F : X ⇒ Y is said to have weakly convex graph (in short, it is a WCG correspondence) if, for each n ∈ N and for each finite set {x 1 , x 2 , ..., x n } ⊂ X, there exists
In [22] we introduced the concept of weakly naturally quasi-concave set-valued map.
Definition 2.5 (see [22] )Let X be a non-empty convex subset of a topological vector space E and Y a non-empty subset of a topological vector space Z. The set-valued map F : X ⇒ Y is said to be weakly naturally quasi-concave (WNQ) iff, for each n and for each finite set {x 1 , x 2 , ..., x n } ⊂ X, there exists y i ∈ F (x i ),
.., n) and (λ 1 , λ 2 , ..., λ n ) ∈ ∆ n−1 , we get a set-valued map with weakly convex graph, as it is defined by Ding and He Yiran in [3] . In the same time, the weakly naturally quasi-concavity is a weakening of the notion of naturally S-quasi-concavity with S = {0}.
Remark 2.2 If F is a single-valued mapping, then, it must be natural S-quasiconcave for S = {0}.
Example 2.1 (see [22] ) Let F : [0, 4] ⇒ [−2, 2] be defined by
. F is neither upper semicontinuous, nor lower semicontinuous in 2. F has not either got a weakly convex graph, since, if we consider n = 2, x 1 = 1 and x 2 = 3, we have that co{(1, y 1 ), (3, y 2 )} GrF, for every y 1 ∈ F (x 1 ), y 2 ∈ F (x 2 ). We notice that F is not naturally {0}−quasi-concave, but it is weakly naturally quasi-concave.
We proved in [22] the following fixed point theorem. Theorem 2.1 (see [22] )Let Y be a non-empty subset of a topological vector space E and K be a (n − 1)-dimensional simplex in E. Let F : K ⇒ Y be an weakly naturally quasi-concave set-valued map and s : Y → K be a continuous function. Then, there exists
Set-valued Maps with Generalized Convexity
In this section, we introduce several classes of cone convexity in order to generalize the requirements for results concerning minimax inequalities. Concerning the minimax problems we consider in this paper, we must underline the behaviour importance of the set-valued maps F (·, ·) : X × X → Y in the points where their values contain or not maximal (resp. minimal) elements of the certain sets of type y∈X F (x, y) or x∈X F (x, y). We obtain the new definitions through transferring the convexity properties of the maps from a variable to another and by taking into consideration the maximal (resp. minimal) elements. The reasons for our conception of generalized convex set-valued maps come from the motivating work in the framework of minimax theory, where the new properties prove to be necessary in order to obtain results by giving up the continuity assumptions.
We firstly define the S−transfer µ−convexity. Definition 3.1 Let X be a convex set of a topological vector space E, let Y be a non-empty set in the topological vector space Z and let F : X × X ⇒ Y be a set valued map with non-empty values. F is called S−transfer type-(v) µ−convex in the first argument on X × X iff, for each n ∈ N , x 1 , x 2 , ..., x n ∈ X and z ∈ X, we have that, for each i ∈ {1, 2, ..., n}, there exists
F is called S−transfer type-(v) µ−concave in the first argument on X × X if −F is S−transfer type-(v) µ−convex in the first argument on X × X.
Remark 3.1 We can similarily define the S−transfer type-(iii) µ−convex setvalued maps.
Moreover, by computing, we obtain Max w y∈X F (x i , y) = {1} and
The S−transfer type-(v) µ−convexity in the first argument is implied by the following property, which we call α : (α) : For each x ∈ X, A x = ∪ y∈X F (x, y) is compact and there exists z x ∈ Z such that z x ∈Max∪ y∈X F (x, y) and ∪ y∈X F (x, y) ⊂ z x − S.
We note that according to Lemma 2.1, ∪ y∈X F (x, y) ⊂Max∪ y∈X F (x, y) − S. The S−transfer type-(v) µ−concavity in the second argument is implied by the following property α ′ : (α ′ ) : For each y ∈ X, A y = ∪ x∈X F (x, y) is compact and there exists z y ∈ Z such that z y ∈Max∪ x∈X F (x, y) and ∪ x∈X F (x, y) ⊂ z y + S.
The set valued map from Example 3.1 verifies the property α. The condition α is not fulfilled in the next example.
The Definition 3.1 can be weakened in the following way. Definition 3.2 Let X be a convex set of a topological vector space E, let Y be a non-empty set in the topological vector space Z and let F : X × X ⇒ Y be a set-valued map with non-empty values. F is called S−transfer weakly type-(v) µ−convex in the first argument on X × X iff, for each n ∈ N , x 1 , x 2 , ..., x n ∈ X and z ∈ X, we have that, there exist i 0 ∈ {1, 2, ..., n} and z i0 = z i0 (x 1 , x 2 , ..., x n , z) ∈ X such that:
F is called S−transfer weakly type-(v) µ−concave in the first argument on X ×X if −F is S−transfer weakly type-(v) µ−convex in the first argument on X × X. Remark 3.3.We can similarily define the S-transfer weakly type-(iii) µ convex set-valued maps.
Remark 3.4. If F : X × X → Z is type-(v) properly S−quasi-convex in the first argument, then, F is S-transfer weakly type-(v) µ convex in the first argument.
Indeed, let x 1 , x 2 , ..., x n ∈ X and λ = (λ 1 , λ 2 , ..., λ n ) ∈ ∆ n−1 . We have that
Consequently, the notion of S−transfer weakly type-(v) µ−convexity is weaker than the type-(v) properly S−quasi-convexity and, in certain cases, it is implied by the property α.
F is S−transfer weakly type-(v) µ−convex in the first argument. Now, we are introducing a similar definition for single valued mappings. Definition 3.3 Let X be a convex set of a topological vector space E and let Y be a non-empty set in the topological vector space Z.
The mapping f : X×X → Y is called S−transfer µ−convex in the first argument on X × X iff, for each n ∈ N , x 1 , x 2 , ..., x n ∈ X and z ∈ X, we have that, for each i ∈ {1, 2, ..., n}, there exists
x if 0 ≤ y < x ≤ 1. We will prove that f is S−transfer µ−convex in the first argument. Let x 1 , x 2 , ..., x n , z ∈ X. For each i ∈ {1, 2, ..., n}, y∈X f (x i , y) = {x i , 1}, Max w y∈X f (x i , y) = {1} and we have that, for each λ = (
The next notion is stronger than the properly S−quasi-convexity and it is adapted for set-valued maps with two variables. We consider pairs of points in the product space X × X. We keep constant one component and we consider any convex combination of the other ones. By comparing the images of F in all these pairs of points, we obtain the following definition.
Definition 3.4 Let X be a non-empty convex subset of a topological vector space E, Z a real topological vector space and S a pointed closed convex cone in Z with its interior intS = ∅. Let F : X ⇒ Z be a set-valued map with non-empty values.
(i) F is said to be type-(iii) pair properly S−quasi-convex on X × X in the first argument, iff, for any (
(ii) F is said to be type-(v) pair properly S−quasi-convex on X × X in the first argument, iff, for any (
(iii) F is said to be type-(iii) [resp. type-(v)] pair properly S−quasi-concave on X in the first argument, iff, −F is type-(iii) [resp. type-(v)] pair properly S−quasiconvex in the first argument on X.
(iv) F is said to be pair properly quasi-convex iff for any (
F is said to be pair properly quasi-concave if −F is pair properly S−quasiconvex. ) and
Conversely, the pair properly S−quasi-convexity does not imply S−transfer µ−convexity. The following example is concludent in this respect.
The set valued map F is type-(v) pair properly R 2 + −quasi-convex in the first argument, but it is not R 2 + −transfer type-(v) µ−convex in the first argument. Indeed, let us consider first (x 1 , y 1 ) and (x 2 , y 2 ) ∈ [0, 1]. Without loss of generalization, we can assume that
2 ) − S and F is type-(v) pair properly R 2 + −quasi-convex in the first argument. In order to prove the second assertion, let us consider x 1 , x 2 ∈ [0, 1] and
For i = 1, 2 and y = 0 the following equality holds:
and there is not any
We conclude that F is not R 2 + −transfer type-(v) µ−convex in the first argument. For single valued mappings, the next definition is proposed. Definition 3.5 Let X be a nonempty convex subset of a topological vector space E, Z a real topological vector space and S a pointed closed convex cone in Z with its interior intS = ∅. Let f : X → Z be a set-valued map with non-empty values.
(i) f is said to be pair properly S−quasi-convex on X × X in the first argument, iff, for any (
f is said to be pair properly S−quasi-concave in the first argument on X × X, iff −f is properly S−quasi-convex in the first argument on X × X.
The usual naturally S−quasi-convexity requirement in the minimax inequalities for set-valued maps can be weakened. In the definition we propose below, we take into consideration the bahaviour of the set-valued maps in the points where their values do not contain minimal (resp. maximal) points of some certain sets of y∈X F (x, y) or x∈X F (x, y) types. Definition 3.6 Let X be a convex set of a topological vector space E, let Y be a non-empty set in the topological vector space Z and let F : X × X ⇒ Y be a set-valued map with non-empty values. i) F is called transfer type-(iii) properly S−quasi-convex in the first argument on X × X iff, for each elements x 1 , x 2 , z ∈ X, λ ∈ (0, 1) and i ∈ {1, 2}, the following condition is fulfilled:
ii) F is called transfer type-(v) properly S−quasi-convex in the first argument on X × X iff, for each elements x 1 , x 2 , z ∈ X, λ ∈ (0, 1) and i ∈ {1, 2}, the following condition is fulfilled:
F is called transfer type-(iii) [resp.type-(v)] properly S−quasi-concave in the first argument on X × X if −F is transfer type-(iii) [resp.type-(v)] properly S−quasiconvex in the first argument on X × X.
Remark 3.6. If F (·, y) is naturally S−quasi-convex for each y ∈ X, then, F is transfer properly S−quasi-convex in the first argument on X × X.
Remark 7. If F is transfer properly S−quasi-convex in the first argument on X × X, then, F is S−transfer weakly µ−convex in the first argument.
Conversely, it is not true. The set-valued map F defined in Example 3.2 is S−transfer weakly (type-v) µ−convex in the first argument, but it is not type-(v) transfer properly S−quasi-convex.
[−x, y] if 0 ≤ y < x ≤ 1. We prove that F (·, y) is type-(iii) naturally S−quasi-concave on X (and then, F is transfer type-(iii) properly S−quasi-concave in the first argument on X × X).
Let y ∈ [0, 1] be fixed,
The usual properly S−quasi-convexity assumption in the minimax theorems with set-valued maps can be also generalized. In order to obtain necessary conditions in our results, we introduce the following definitions.
Definition 3.7 Let X be a convex set of a topological vector space E, let Y be a non-empty set in the topological vector space Z and let F : X × X ⇒ Y be a set-valued map with non-empty values. F satisfies the condition γ on X × X iff: (γ) there exist n ∈ N, (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) ∈ X × X, y
. Definition 3.8 Let X be a convex set of a topological vector space E, let Y be a non-empty set in the topological vector space Z and let F : X × X ⇒ Y be a set-valued map with non-empty values. F satisfies the condition γ ′ on X × X iff: (γ ′ ) there exist n ∈ N, (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) ∈ X×X and x * ∈co{y 1 , y 2 , ..., y n } such that F (x i , y i ) ⊂ F (x i , y * ) + S and F (x i , y i )∩Min w ∪ x∈X F (x, y i ) = ∅ for each i ∈ {1, 2, ..., n}.
Minimax Theorems for Set-valued Maps without Continuity
In this section, we establish some generalized Ky Fan minimax inequalities. Firstly, we are proving the following lemma, which is comparable with Lemma 3.1 in [32] , but our result does not involve continuity assumptions. Instead, we use several generalized convexity properties for set-valued maps introduced in Section 3.
Lemma 4.1 will be used to prove the minimax Theorem 4.1.
Lemma 4.1 Let X be a (n-1) dimensional simplex of a Hausdorff topological vector space E, Y a compact set in the Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values.
(i) Let us suppose that y∈X F (x, y) is a compact set for each x ∈ X. If F is S−transfer type-(v) µ−convex in the first argument on X × X, F is type-(iii) pair properly quasi-concave in the second argument on X × X and F (·, y) is type-(iii) naturally S−quasi-concave on X for each y ∈ X, then, there exists x * ∈ X such that F (x * , x * )∩Max w y∈X F (x * , y) = ∅. (ii) Suppose that x∈X F (x, y) is a compact set for each y ∈ X. If F is transfer type-(v) µ−concave in the second argument on X × X, F is type-(iii) pair properly quasi-convex in the first argument on X×X and F (x, ·) is type-(iii) naturally S−quasi-convex on X for each x ∈ X, then, there exists y * ∈ X such that F (y * , y * )∩Min w ∪ x∈X F (x, y * ) = ∅.
Proof. (i) Let us define the set-valued map
We claim that T is non-empty valued. Indeed, since ∪ z∈X F (x, z) is a compact set for each x ∈ X, according to Lemma 2.1, Max w ∪ z∈X F (x, z) = ∅. For each x ∈ X, let z x ∈Max w ∪ z∈X F (x, z). Then, there exists y x ∈ X such that z x ∈ F (x, y x ). It is clear that y x ∈ T (x) = {y ∈ X : F (x, y)∩Max w ∪ z∈X F (x, z)} and, consequently, T (x) = ∅ for each x ∈ X.
Further,we will prove that T is weakly naturally quasi-concave. Let x 1 , x 2 , ..., x n ∈ X. For each i ∈ 1, ..., n, there exists
By contrary, we assume that T is not weakly naturally quasi-concave. Then, for each g ∈ C * (∆ n−1 ), there exists
, relation which is equivalent with the following one:
Since the set-valued map F is S−transfer type-(v) µ−convex in the first argument and F (
, X) = ∅, it follows that, for each i ∈ {1, 2, ..., n}, there exists the element z i0 ∈ X such that the following relation is fulfilled:
. Consequently, we have that, for each index i ∈ {1, 2, ..., n}, F (
.., n}. Indeed, if, by contrary, we assume that there exists i 0 ∈ {1, 2, ..., n} and t ∈ F (x i0 ,
Since F is type-(iii) pair properly quasi-concave in the second argument on X×X, there exists j ∈ {1, 2, ..., n} such that F (x j , y j )∩Max w ∪ z∈X F (x j , z) = ∅, which contradicts the assumption about (x j , y j ). According toTheorem 2.1, there exists
(ii) Let us define the set-valued map Q : X ⇒ X by Q(y) = {x ∈ X : F (x, y)∩Min w ∪ x∈X F (x, y) = ∅} for each y ∈ X. Further, the proof follows a similar line as above and we conclude that there exists y * ∈ Q(y * ), that is, F (y * , y * )∩Min w ∪ x∈X F (x, y * ) = ∅. Remark 4.1. The S−transfer type-(v) µ−convexity of F in the first argument on X × X is verified by all real-valued set valued maps which fulfill the property that y∈X F (x, y) is a compact set for each x ∈ X. This fact is a consequence of Remark 3.1.
As a first application of the previous lemma, we obtain the following result, which differs from Theorem 3.1 in [32] becose we only take into consideration the hypothesis which concern convexity properties of set-valued maps. No form of continuity is assumed.
Theorem 4.1 Let X be a (n-1) dimensional simplex of a Hausdorff topological vector space E, Y be a compact set in a Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values.
i) Suppose that y∈X F (x, y) is a compact set for each x ∈ X. If the set-valued map F is S−transfer type-(v) µ−convex in the first argument on X × X, type-(iii) pair properly quasi-concave in the second argument on X × X and F (·, y) is type-(iii) naturally S−quasi-concave on X for each y ∈ X, then, there exist the elements z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that x∈X F (x, y) is a compact set for each y ∈ X. If the set-valued map F is S−transfer type-(v) µ−concave in the second argument on X × X, type-(iii) pair properly quasi-convex in the first argument on X × X and F (x, ·) is type-(iii) naturally S−quasi-convex on X for each x ∈ X, then, there exist the elements z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that z 1 ∈ z 2 − S.
Proof. i) According to Lemma 4.1, there exists
and, according to Lemma 2.1, it follows that
On the other hand, Max w ∪ y∈X F (x * , y) ⊂ ∪ x∈X Max w F (x, X) and, according to Lemma 2.1, it follows that ∪ x∈X Max w F (x, X) ⊂Min∪ x∈X Max w F (x, X) + S, so that, Max w ∪ y∈X F (x * , y) ⊂Min∪ x∈X Max w F (x, X) + S. Hence, for every u ∈ F (x * , x * ) and v ∈Max w ∪ y∈X F (x * , y), there exist the elements z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that u ∈ z 1 − S and v ∈ z 2 +S. If we take u = v, we have z 1 ∈ z 2 +S.
ii) According to Lemma 4.1, there exists y * ∈ X such that F (y * , y
and, according to Lemma 2.1, it follows that ∪ x∈X F (x, x) ⊂Min ∪ x∈X F (x, x) + S, so that, F (y * , y * ) ⊂Min∪ x∈X F (x, x) + S. On the other hand, Min w ∪ x∈X F (x, y * ) ⊂ ∪ y∈X Min w F (X, y) and, according to Lemma 2.1, it follows that ∪ y∈X Min w F (X, y) ⊂Max∪ y∈X Min w F (X, y) − S, consequently, Min w ∪ x∈X F (x, y * ) ⊂Max∪ y∈X Min w F (X, y) − S. Hence, for every u ∈ F (y * , y * ) and v ∈Min w ∪ x∈X F (x, y * ), there exist the elements z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that u ∈ z 1 +S and v ∈ z 2 − S. If we take u = v, we have z 1 ∈ z 2 − S.
An important version of Theorem 4.1 is obtained in the case when the set-valued map has the property α (resp.α ′ ). Theorem 4.2 Let X be a (n-1) dimensional simplex of a Hausdorff topological vector space E, Y be a compact set in a Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with nonempty values.
i) Suppose that F satisfies the property α. If F is type-(iii) pair properly quasiconcave in the second argument on X×X and F (·, y) is type-(iii) naturally S−quasiconcave on X for each y ∈ X, then, there exist the elements z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that F satisfies the property α ′ . If F is type-(iii) pair properly quasiconvex in the first argument on X × X and F (x, ·) is type-(iii) naturally S−quasiconvex on X for each x ∈ X, then, there exist the elements z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that z 1 ∈ z 2 − S. 
It follows that F is −R 
The following equality is true: ∪ y∈X F (x, y) = S * ((0, 0), x) and, consequently, ∪ y∈X F (x, y) is a compact set. All the assumptions of Theorem 4.2 are fulfilled, then, there exist the elements z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + (−R 2 + ). In our case, ∪ x∈X F (x, x) = {(0, 0)}, Max∪ x∈X F (x, x) = {(0, 0)}, Max w F (x, X) = {(0, 0)} and Min∪ x∈X Max w F (x, X) = {(0, 0)}. Then, taking z 1 = (0, 0) and z 2 = (0, 0), we have that z 1 ∈ z 2 + (−R 2 + ). Considering Remark 4.2, we obtain the following result as a consequence of Theorem 4.2, for the real-valued maps case.
Corollary 4.1 Let X be a (n-1) dimensional simplex of a Hausdorff topological vector space E, Y a compact set in R and let S be a pointed closed convex cone in R with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values.
i) Suppose that y∈X F (x, y) is a compact set for each x ∈ X. If F is type-(iii) pair properly quasi-concave in the second argument on X × X and F (·, y) is type-(iii) naturally S−quasi-concave on X for each y ∈ X, then, there exist z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that x∈X F (x, y) is a compact set for each y ∈ X. If F is type-(iii) pair properly quasi-convex in the first argument on X × X and F (x, ·) is type-(iii) naturally S−quasi-convex on X for each x ∈ X, then, there exist z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that z 1 ∈ z 2 − S.
We notice that F is not continuous on X and it is S−transfer type-(v) µ−convex in the first argument. a) In Example 3.5 we have seen that F is type-(iii) pair properly quasiconcave in the second argument on X × X. b) We prove that F (·, y) is type-(iii) naturally S−quasiconcave on X for each y ∈ X.
The following equalities are true:
and, consequently, ∪ y∈X F (x, y) is a compact set.
All the assumptions of Corollary 4.1 are fulfilled, then, there exist the elements z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
In our case,
and Min∪ x∈X Max w F (x, X) = {1}. Then, taking z 1 = 1 and z 2 = 1, we have that z 1 ∈ z 2 + S.
The next corollary is a particular case of Theorem 4.1. Corollary 4.2 Let X be a (n-1) dimensional simplex of a Hausdorff topological vector space E, Y be a compact set in a Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let f : X×X → Y be a vector-valued mapping.
i) Suppose that y∈X f (x, y) is a compact set for each x ∈ X. If the mapping f is S−transfer µ−convex in the first argument on X ×X, pair properly quasi-concave in the second argument on X×X and f (·, y) is naturally S−quasi-concave on X for each y ∈ X, then, there exist z 1 ∈Max∪ x∈X f (x, x) and z 2 ∈Min∪ x∈X Max w f (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that x∈X f (x, y) is a compact set for each y ∈ X. If the mapping f is S transfer µ−concave in the second argument on X × X, pair properly quasi-convex in the first argument on X × X and f (x, ·) is naturally S quasi-convex on X for each x ∈ X, then, there exist z 1 ∈Min∪ x∈X f (x, x) and z 2 ∈Max∪ y∈X Min w f (X, y)such that z 1 ∈ z 2 − S.
We search to weaken the assumptions from Lemma 4.1, especially the S−transfer µ−convexity (resp. S−transfer µ−concavity) and the naturally S−quasi-concavity (resp. naturally S−quasi-convexity), but another proving method needs to be used: we build a constant selection for a set-valued map. This change requires a new condition instead of pair quasi-convexity (resp. pair quasi-concavity), a condition we called γ (resp. γ ′ ). Under the condition γ (resp.γ ′ ), the assumption of transfer properly S−quasi-concavity (resp. transfer properly S−quasi-convexity) proves to be necessary. The next Lemma is the key used in order to obtain Theorem 4.3. Lemma 4.2 Let X be a convex set in a Hausdorff topological vector space E, Y a compact set in the Hausdorff topological vector space Z and let S a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values.
(i) Suppose that y∈X F (x, y) is a compact set for each x ∈ X. If F is S−transfer weakly type-(v) µ−convex in the first argument on X ×X, transfer type-(iii) properly S−quasi-concave in the first argument on X ×X and satisfies the condition γ, then there exists x * ∈ X such that F (x * , x * )∩Max w y∈X F (x * , y) = ∅. (ii) Suppose that x∈X F (x, y) is a compact set for each y ∈ X. If F is transfer weakly type-(v) µ−concave in the second argument on X ×X, transfer type-(iii) properly S−quasi-convex in the second argument on X × X, and satisfies the condition γ ′ , then, there exists y
Proof. Let us define the set-valued map T : X ⇒ X by T (x) = {y ∈ X : F (x, y)∩Max w ∪ z∈X F (x, z) = ∅} for each x ∈ X. We claim that T is non-empty valued. Indeed, since ∪ z∈X F (x, z) is a compact set for each x ∈ X, by Lemma 2.1, Max w ∪ z∈X F (x, z) = ∅. For each x ∈ X, let z x ∈Max w ∪ z∈X F (x, z). Then, there exists y x ∈ X such that z x ∈ F (x, y x ). It is clear that, y x ∈ T (x) = {y ∈ X : F (x, y)∩Max w ∪ z∈X F (x, z) = ∅} and consequently, T (x) = ∅ for each x ∈ X.
Since F satisfies the condition γ, there exist n ∈ N, (x 1 , y 1 ), (x 2 , y 2 )..., (x n , y n ) ∈ X × X and y
Let us fix i 0 ∈ {1, 2, ..., n}. There exists t i0 ∈ F (x i0 , y i0 )∩Max w ∪ z∈X F (x i0 , z). This means that t i0 ∈ F (x i0 , y i0 ) and ∪ z∈X F (x i0 , z) ∩ (t i0 +intS) = ∅. There exists t ′ i0 ∈ F (x i0 , y * ) and s i0 ∈ S such that t
. We showed that y * ∈ T (x i0 ), and, since i 0 is arbitrary and y
T (x i )∩co{x i :
Further, we will prove that T is quasi-convex. By contrary, we assume that T is not quasi-convex. Then, suppose that there exists
T (x i ) and λ * ∈ ∆ n−1
Since F is S−transfer weakly type-(v) µ−convex in the first argument and we also have F (
We claim that F (x i0 , z * )∩Max w ∪ z∈X F (x i0 , z) = ∅. On the contrary, we assumethat there exists t ∈ F (x i0 , z * ) such that t ∈Max w ∪ z∈X F (x i0 , z). Since F is transfer type-(iii) properly S−quasi-concave in the first argument, then, t ∈ F (
T (x i ). Therefore, T is quasi-convex.
We proved that there exist the elements
T (x i )∩co{x i : i = 1, 2, ..., n} ⊂ T (x) for each x ∈co{x i : i = 1, 2, .., n}, then,
(ii) Let us define the set-valued map Q : X ⇒ X by Q(y) = {x ∈ X : F (x, y)∩Min w ∪ x∈X F (x, y) = ∅} for each y ∈ X. Further, the proof follows a similar line as above and we conclude that there exists 
Remark 4.3. The two assumptions from Lemma 4.2 i), namely, the S−transfer weakly type-(v) µ−convexity in the first argument and the transfer type-(iii) properly S−quasiconcavity of F in the first argument on X × X, imply the following:
for each x 1 , x 2 , ..., x n ∈ X and z ∈ X , there exists λ
As a first application of the previous lemma, we obtain the following result, which differs from Theorem 3.1 in [32] by the fact that the continuity assumptions are dropped. Theorem 4.3 Let X be a convex set be in a Hausdorff topological vector space E, Y a compact set in a Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values.
i) Suppose that y∈X F (x, y) is a compact set for each x ∈ X. If F is S−transfer weakly type-(v) µ−convex in the first argument on X × X, transfer type-(iii) properly S−quasi-concave in the first argument on X × X and satisfies the condition γ, then, there exist z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that x∈X F (x, y) is a compact set for each y ∈ X. If F is transfer weakly type-(v) µ−concave in the second argument on X × X, transfer type-(iii)
properly S−quasi-convex in the second argument on X × X and satisfies the condition γ ′ , then there exist z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that z 1 ∈ z 2 − S.
Proof. i) According to Lemma 4.2, in the case i) there exists x * ∈ X such that F (x * , x * )∩Max w ∪ y∈X F (x * , y) = ∅ and in the case ii), there exists y * ∈ X such that F (y * , y * )∩Min w ∪ x∈X F (x, y * ) = ∅. Further, the proof is similar to the proof of Theorem 4.1.
If F satisfies the property α (resp. α ′ ), we obtain the following variant of Theorem 4.3.
Theorem 4.4 Let X be a convex set be in a Hausdorff topological vector space E, Y be a compact set in a Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values.
i) Suppose that F satisfies the property α. If F is transfer type-(iii) properly S−quasi-concave in the first argument on X × X and also satisfies the condition γ, then, there exist z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that that F satisfies the property α ′ . If F is transfer type-(iii) properly S−quasi-convex in the second argument on X × X and also satisfies the condition γ ′ , then there exist z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that z 1 ∈ z 2 − S.
We obtain the following corollary of Theorem 4.4, for the case of the real-valued maps.
Corollary 4.3 Let X be a convex set in a Hausdorff topological vector space E, Y be a compact set in R and let S be a pointed closed convex cone in R with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values. i) Suppose that y∈X F (x, y) is a compact set for each x ∈ X. If F is transfer type-(iii) properly S−quasi-concave in the first argument on X ×X and satisfies the condition γ, then, there exist z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
ii) Suppose that x∈X F (x, y) is a compact set for each y ∈ X. If F is transfer type-(iii) properly S−quasi-convex in the second argument on X × X and satisfies the condition γ ′ , then, there exist z 1 ∈Min∪ x∈X F (x, x) and z 2 ∈Max∪ y∈X Min w F (X, y) such that z 1 ∈ z 2 − S. [−x, y] if 0 ≤ y < x ≤ 1. We notice that F is not continuous on X. According to Examples 3.7 and 3.8, F is transfer type-(iii) properly S−quasiconcave in the first argument on X × X and it has the property γ.
All the assumptions of Corollary 4.3 are fulfilled, then, there exists the elements z 1 ∈Max∪ x∈X F (x, x) and z 2 ∈Min∪ x∈X Max w F (x, X) such that z 1 ∈ z 2 + S.
It is also true that: ∪ x∈X F (x, x) = ∪ x∈X [0, x] = [0, 1]; Max∪ x∈X F (x, x) = {1}; Max w F (x, X) = {1} and Min∪ x∈X Max w F (x, X) = {1}.
Then, taking z 1 = 1 and z 2 = 1, we have z 1 ∈ z 2 + S. Finally, we have that, for each x ∈ X, Min∪ x∈X Max w f (x, X) ⊂ f (x, X) − S and then, all the assumptions of the Corrollary are satisfied.
Hence, Min∪ x∈X Max w f (x, X) ⊂Max∪ x∈X f (x, x) − S.
Another result is obtained in the same context of Theorem 4.5. Theorem 4.6 Let X be an (n-1) dimensional simplex of a Hausdorff topological vector space E, Y a compact set in a Hausdorff topological vector space Z and let S be a pointed closed convex cone in Z with its interior int S = ∅. Let F : X × X ⇒ Y be a set-valued map with non-empty values such that ∪ x∈X F (x, x) and ∪ y∈X F (x, y) are compact sets for each x ∈ X. Suppose the following conditions are fulfilled: (i) F is weakly z−convex for each z ∈Max∪ y∈X Min w F (X, y);
(ii) for each x ∈ X, Max∪ y∈X Min w F (X, y) ⊂ F (X, y) + S. Then, Max∪ y∈X Min w F (X, y) ⊂Min∪ x∈X F (x, x) + S.
a fixed-point theorem for weakly naturally quasi-concave set valued maps and a constant selection for quasi-convex set-valued maps. Several examples have been provided in order to illustrate our results.
